ON THE CONSTANCY REGIONS FOR MIXED TEST IDEALS 
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Abstract. In this note we study the partition of K" given by the regions 

where the mixed test ideals r(a\ 1 ...oS,") are constant. We show that each 
region can be described as the preimage of a natural number under a p-fractal 
function ip : K> — > N. In addition, we give some examples illustrating that 
these regions do not need to be composed of finitely many rational polytopes. 



1. Introduction 



In this note, we study the dependence of mixed test ideals on parameters, and 
show that the emerging picture is quite different from that in the case of mixed 
multiplier ideals in characteristic zero. 

Multiplier ideals have been intensively studied over the last two decades, as 
they play an important role in birational geometry, see for example |Laz| . Given 
a smooth complex variety X and a nonzero ideal sheaf a, one can define for any 
parameter c > an ideal J(a c ), called multiplier ideal. This ideal is described via 
a log resolution it : X' — > X of the pair (X, a), i.e. a proper birational map, with 
X' smooth, and such that aOx 1 = Ox'(-E), where E is a simple normal crossing 
divisor. Then, 



Mixed multiplier ideals extend the previous definition to the case of several ideals: 
for nonzero ideals di , . . . , <X n and positive numbers c\ , . . . , c„ we take a log resolution 
for the pair (X, di • • • n ) and set the mixed multiplier ideal to be 



where O x >{-E t ) = a t O x >- 

Test ideals were introduced by Hara and Yoshida in |HY| as an analogue of 
multiplier ideals in positive characteristic. One question that was studied since 
|HY| is which properties of multiplier ideals have analogues for test ideals. For 
example, for multiplier ideals the jumping numbers of a are defined as the positive 
real numbers c such that J(a c ) ^ J(a c ~ e ) for every e > (cf. [ELSV ). It is 
easy to see from the definition (1.1) that for each a these numbers are discrete and 
rational. Thus it was expected that this was the case also in positive characteristic. 
Blickle, Mustafa and Smith proved discreteness and rationality of the analogous 
positive characteristic invariants in [BMS], but the proof was more involved. 

In the mixed multiplier ideal setting, it follows from the above description in 
terms of a log resolution that for every b\ , . . . , b n the region 




:= n,0(K x , /x - [ Cl Ei + ... + c n E n \), 



{(ci,..., 



c„) e K>ol ^ < bi for all i} 
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can be decomposed in a finite set of rational polytopes with nonoverlapping inte- 
riors, such that on the interior of each face of each polytope the mixed multiplier 
ideal l7(0i 1 ■ ■ ■ is constant. It was expected that in the positive characteristic 
setting we would have a similar picture. 

In the present note we prove that this is not the case, but we can still get 
a nice decomposition. This decomposition depends on a p-fractal function, that 
is, a function ip : M™ — > N satisfying the following property. If we restrict (p to a 
bounded domain D, then the vector space generated by the functions cj>(ti, . . . , t n ) = 
p{(ti+bi)/p e , {t n +b n )/p e ) with b t integers and ((h+b 1 )/p e , . . . , {t n + b n )/p e ) £ 



D , is finite dimensional (Definition 4.1). Explicitly, we show 



Theorem. {Theorem \4-6\ For an F -finite, regular ring R essentially of finite type 
over a field of positive characteristic and TioTi zcto ideals cii , . . . , ci n of R, there is a 
p-fractal function tp : M™ — > N such that 

T {* c i ■■■<") = Tiaf 1 ...of;*) <p(ci,.. . ,c„) = tp(di, . . .,d n ), 
and therefore the constancy regions are of the form (p (i) for i G N. 

Roughly speaking, this shows that each constancy region has a p-fractal structure 
that, as we see in the examples in Section 5, can be intricate. 

This note is structured as follows. In section 2 we recall the definition of test 
ideals and mixed test ideals following |BMS| and state some of the theorems that 
were proved there. In section 3 we give our main definitions and deduce some basic 
consequences of these definitions. We prove our main theorem in section 4. In the 
last section, we give an example of a constancy region that is not a finite union of 
polyhedral regions. 
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2. Preliminaries 

Recall that a ring R of positive characteristic is F-finite if the Frobenius mor- 
phism F : R — > R is finite. Throughout this note we let R be a regular ring 
essentially of finite type over an F-finite field k of positive characteristic p. In 
particular, R is F-finite as well. We now recall the basic definitions and properties 
related to test ideals and refer to (BMS_ for proofs and details. 

Given an ideal b in R, we denote by b^^ p ' the smallest ideal 3 such that b C 
] := (fp \f g 2). The existence of a smallest such ideal is a consequence of the 
flatness of the Frobenius map in the regular case. The following proposition gives 
an explicit description of b[ 1//pC l when R is free over i? p \ 

Proposition 2.1. [BMS, Proposition 2.5] Suppose that R is free over R q , for 
q = p e , and let ei, . . . , ejsr be a basis of R over R q . If hi, . . . , h n are generators of 
an ideal b of R, and if for every i — 1, . . . ,n we write 

N 
.7=1 
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with ciij <E R, then 



bP/p*] = [a id \i < n and j < N). 



Test ideals were introduced by Hochster and Huneke [HH as a tool in their tight 
closure theory , and were later generalized by Hara and Yoshida [HY in the context 
of pairs (R, a c ), where a is an ideal in R and c is a real parameter. Blickle, Mustafa, 
and Smith |BMS| gave an elementary description of these ideals in the case of a 
regular i^-finite ring R . It is this description which we take as our definition. 

Definition 2.2. Given a non-negative number c and a nonzero ideal o, we define 
the generalized test ideal of a with exponent c to be 



where [~c] stands for the smallest integer > c. 

The ideals in the above union form an increasing chain of ideals; therefore as R 
is Noetherian, they stabilize. Hence for e large enough t(cj c ) = ( a r c P e l)[i/p c l. i n the 
principal ideal case we can say more. 

Proposition 2.3. [BMS2, Lemma 2.1] If X = ™ for some positive integer m, then 
r(f X ) = (f m ) [1/p " ] - 

It can be shown that as the parameter c varies over the reals, only countably 
many different test ideals appear; moreover, we have: 

Theorem 2.4. |BMSI Proposition 2.14] For every nonzero ideal a and every non- 
negative number c, there exists e > such that r(o c ) = r(o c ) for c < d < c + e. 

Definition 2.5. A positive real number c is an F-jumping exponent of a if t(ci c ) ^ 
r(o c - £ ) for all e > 

The -F-jumping exponents of an ideal o form a discrete set of rational numbers, 
that is, there arc no accumulation points of this set. In fact, they form a sequence 
with limit infinity (see |BMS| Theorem 3.1]). 

As in the case of one ideal, one can define the mixed test ideal of several ideals 
as follows. 

Definition 2.6. Given nonzero ideals oi, a n of R and non-negative real numbers 
ci, ...,c„, we define the mixed generalized test ideal with exponents C\ , . . . j Cji BS. 



As in the case of r(o c ), we have r^ 1 • ■ • a£") = (a[ ClP 1 ■ ■ ■ a^ nP 1 ) [1/p ° ] for all e 
large enough. 

Theorem 2.7. Let Oi, . . . , 0„ be nonzero ideals in the polynomial ring R = k[x\, . . . , x r ], 
and let C\ = r\/p s , . . . ,c„ = r n /p s be such that r 1; ...,r„ are natural numbers. 
If each a.j can be generated by polynomials of degree at most d, then the ideal 
t(o-i 1 ■ ■ ■ a£") can be generated by polynomials of degree at most \d(c\ + . . . + c„)J . 
Here [fj stands for the biggest integer < r. 




e>0 




e>0 
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Proof. We argue as in |BMS[ Proposition 3.2], where the result was proven for the 
case of one ideal. We know that R is free over RP with basis 

{/3 jx" 1 ■ ■ ■ x" r \0 < cti < p e and /3jpart of a basis for /cover k p }. 
The ideal o[ p • • • a'n can be generated by polynomials of degree at most 



d\p e c{\ + . . . + d\p e c n ~\. Hence taking e > s large enough by Proposition 2.1 the 
ideal 

r(a-...a-) = (a[ pCcil ---a[r^)[ 1 ^] 

is generated by polynomials of degree at most {d\p e c{\ + ... + d\p e c n ~\)/p e — 
(dp e ~ s n + ... + dp e - s r n )/p e =d(n + ... + r n ). □ 

3. Some Sets Associated to mixed test ideals 

In this section we introduce the definitions needed for our study of mixed test 
ideals, and derive some basic properties. Recall that R denotes a regular ring 
essentially of finite type over an F-finite field k of positive characteristic. 

Remark 3.1. In order to simplify notation we denote o^.-.a^j" by a c , where a 
: a i . .... a, ; ; . c = (ci,...,c„) € K> - We similarly denote the vector ([n],..., |V n ~|) 
by \r~\ , where r = (r 1 , . . . ,r n ) £ R| . 

Definition 3.2. Given nonzero ideals Oi, . . . , o„, and I in R, we define 

rw,.{ie.(a a) € ^ KZ ^ 

and 

S / (a,p e )=|J[0,; 1 ]x....x[0,gc]R n , 

where the union runs over all (h, . . . , l n ) € V 1 (a 7 p e ). 

From this definition it follows that if e' > e then V I (a,p e ) C V I (a,p e ) and 
S / (o,p e ) C B T (a,p e '). Indeed, if a c g I^ 1 , then there is an element / g a c with 
/ <^ 1, and by the flatness of the Frobenius morphism we get / p € a p c 
but /p c ' _c £ Therefore a p "'"' c % I^>°'\ hence we get the first inclusion. The 

second one is then straightforward. 

Definition 3.3. Let B 1 (a) = \J e>0 B 1 (a,p e ) and define X { ■ K" ~> N to be the 
characteristic function of the set B 1 (o). That is, x„(c) is 1 if c is in B 1 (a) and it 
is otherwise. 

In order to study the sets B 1 (a) it is crucial to understand how they intersect 
any increasing path. This motivates the following definition. 

Definition 3.4. Let Oi,...,a„, and I ^ R be nonzero ideals as before and let 
r = (ri, . . . , r n ) € Z™ be such that that a r C rad(I). We denote 

F/(a,p e ) - max{m € Z> | a mr g I^ 1 }. 

Remark 3.5. While in the definition of V I {a^p e ) one does not require any relation 
between o and /, observe that we require that a r C rad(J) when we consider 
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Note that if a mr % 1^ then a pmr % Therefore pV r r (a,p e ) < V r r (a,p e+1 ), 

hence 

V/(a,P e V 
p' 



(3.1) 



e>l 



is a non-decreasing sequence. 



Proposition 3.6. The sequence 3.1 is bounded, hence it has a limit. 

Proof. If a r is generated by s elements, then a^ s ^ p ~ 1 ) +1 > r c (o r )^ p For I large 
enough such that a' r C I, we have y/(a,p e ) < Z(s(p e -1) + 1)-1 for all e. Therefore 
Vj(a,p e )/p e < Is, thus the sequence is bounded. □ 

Definition 3.7. We call this limit the F -threshold of a associated to I in direction 
r = (ri, . . . , r n ), and we denote it by C^(a). 

Remark 3.8. In the case n = 1 we recover the usual definition of F-threshold 
jMTWj . |BMS1 Section 2.5]. 

Lemma 3.9. Let -^b = (%,...,%) and -^yc =(-%•,..., •%•) be two elements in 

p" \p e ' ' p" I pi \pe ' > pc ' 

K>o- If < p-, for every i, and e' < e then (a^ 1 /^'] C (a 6 )^]. 

Proof. It follows as in [BMS Lemma 2.8]. The condition 6, < c,p e ~ e implies that 
Oi* 3 a^ lP for every i. Therefore 

(a b ) [1/pe] D (aP e ~°' c ) [1,pB] 2 {a c ) [1/p °' ] . 

a 

Proposition 3.10. Given any c — (ci, . . . , c n ) £ R> , there is e = (ei,... ,e„) € 
K"o swcft that for every r — (ri, . . . , r n ) < r*j < ej, we ftawe T(a c ) = r(a c+7 *). 

Proof. We argue as in the proof of [BMS, Proposition 2.14]. We first show that 
there is a vector e = (ei, . . . , e„), with > for all i, such that for all vectors 
r = (ri, . . . , r n ) e Z" with c, < < Cj + e, we have that [a r )^' pe ^ is constant. 
Indeed, otherwise there are sequences r m = (r m l , . . . ,r m n ) £ Z™ and e m € Z> 

such that -?^-r m converges to c, I —k^r m ^ ) is a decreasing sequence for every i, 

< e m+ i, and (o r ™)[ 1 /p em ] ^ ( a *- m +i)[i/p e '™ +1 ]. it follows from Lemma 



e 



3.9 



that 

( T- m )[i/p e "'] c (a'Wi)[ 1 /p <!m + 1 ] for all m, but this contradicts the fact thaTi? is 
Noetherian. 

Assume now that e = (ei,...,e n ) is as above and let / = (a r )I 1 / p 1 for all 
r — (ri,...,r n ) G Z" with Cj < < Cj + e,-. We show that / = r(a c ). Take 

e large enough such that r(o c ) = (tt^ p c 1)I 1 /p 1 and ^ p p ^ < c% + e-i for every i. 
If all p e Ci are non-integers then ^ p ^ > Ci and r(a c ) = /. Let us suppose that 
p e Ci is an integer precisely when i = i\, i;. Let d = (c?i, . . . , d n ) be the vector 
whose ij coordinates are 1 and all the other are 0. As e is arbitrarily large we 
may also assume that Cj < Cj + -hsdi < c$ + for all i € {ii, . . . , hence / = 
((j> e cl+<i)[l/p e ] g ( a rp e ciyi/ P c ] _ T / a c\ 

The reverse inclusion follows by showing oJ p c ^ C /[ p 1. Let u e . If e' > e 

and e' is large enough, then Cj < Cj H — < Cj + ej, hence 0^° c ^ +1 C I^ pC I. Here 
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1 denotes the vector whose coordinates are all 1. Thus, for v a nonzero element in 
Oi • • ■ a„ we have 

This implies that u is in the tight closure of I^ p \ but as R is a regular ring, the 
tight closure of jb e ] is equal to 7^1 (see [HH]). This gives C 7^1 hence, by 

definition, r(o c ) = (a^^l )I 1 /p c ] C 7. □ 

Definition 3.11. A positive real number c is called an F '-jumping number of a 
in the direction r =/= e Z™ , if c is such that r(a cr ) ^= r(a^ c_e - )r ) for every real 
number e > 0. 

Proposition 3.12. If r E Z™ and A G K>o, #&en 

T-(a Ari ---a Ar ») = T(3 A ), 

w/iere 3 = a^ 1 • • • a^™ . 



Proof. By Propostion 3.10 we may assume A = ^fr- with s e Z>o- For e sufficiently 



large, we have 

r(a Ari • • • o Ar ") = (a'" Ari??c ^ ■ ■ • a^ Ar " p °^ )[ 1 / pe l = (a sriP °" • • • a sr " pe ~° )[ 1 / f,e 
= ((a ri • • • a r ") spC ~ C ') [1/pe] = ((a ri • • • a r -) XpC ) [1/p ' ] = t(3 a ). 



□ 



Corollary 3.13. The F -threshold of a associated to I in the direction r = {r\, . . . , r„) 
is equal to the F -threshold of a] 1 ■ ■ ■ a^" associated to F 

Corollary 3.14. The set of F -jumping numbers of a in direction r is equal to the 
set of F- jumping numbers of a r . 

Therefore [BMS, Corollary 2.30] implies the following. 

Corollary 3.15. The set of F- jumping numbers of a in the direction r is equal to 
the set of F -thresholds of a, associated to various ideals I, in the direction r. 

Given li, . . . , l n positive real numbers we denote by [0, 1] the set [0, li]x. . .x [0, l n ]. 

Proposition 3.16. Given nonzero ideals fli, . . . , o n of R, the set {r(a c )| c £ [0,1]} 
is finite. 

Proof. Since R is assumed to be essentially of finite type over k, arguing as in the 
proof of [BMS, Theorem 3.1], one can see that the assertion for all such R follows 
if we know it for R — k[%i, . . . x r ], with r > 1. We will therefore assume that we 
are in this case. 

Whe first show this when k = F.„ 



- p- 



By Lemma 3.10 we may assume that c = (^J, ^f-) with aj € N and e > 1. 
Let d be an upper bound for the degrees of the generators of cii, for all i. By 
Theorem |2.7| we have that r(o c ) is generated by polynomials of degree < ndL, 
where L = max{( J. Since F p is finite, there are only finitely many sets consisting 
of polynomials of bounded degree and therefore only finitely many ideals r(a c ) 
where c 6 [0,1]. Thus we have the result when R is essentially of finite type over 
F„. 
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Now if R — k[xi, x r ], let {/y} be a set of generators for the ideal Oj. We can 
find a finitely generated F p -subalgebra A C k such that /y G -<4[a;i, ...,a; n ] for all i 
and j. Let X be the fraction field of A and S — K \xi, . . . , x n ]. Si nce R and S are 



free over i? p and S p , respectively, Definition 2.6 and Propostion 2.1 imply that 



T(a c )=r((a 1 nS) Cl ---(a n nS) c ").R, 

where the test ideal on the right is computed in S. The result is then clear since S 
is essentially of finite type over ¥ p . □ 

Definition 3.17. The constancy region for a test ideal r(a c ) is defined as the set 
of points c' G E™ such that r(a c ) = r(a c ). 

Lemma 3.18. B J (a) consist of the points c G K™ such that r(a c ) % J. 

Proof. Assume first that c = (p, . . . , ^f-) with ctij G N. Choose a representation of 
c with e large enough such that r(a c ) = (a Q )' 1 / p 1. In this case we have 

c G B J (a) ^a tt ? J [pC1 (a a ) [1/pC] % J r(a c ) g J. 

For the general case, let c G B J (a), this implies that c G B J (a,p e ) for some e. 
Therefore we can find r = (p-, . . . , G B J (a,p e ) C B J (a), with a, G N, p- > c 4 . 
By the first part this implies r(a r ) <2 ■/) but as p > q for all i, we have that 
r(a r ) C r(o c ) hence r(a c ) £ </■ 

For the reverse inclusion, let c G M" be such that r(a c ) ^ J. By Proposition 
3.101 there is a point r = (p-, . . . , |?)~with a, e N, ^ > c* and r(o c ) = r(a r ), 
therefore r(a r ) ^ J. We use the first part again and conclude r G B J (a), but as 
p- > q for all z, we deduce that c G B J (a). □ 

Theorem 3.19. If ai, ...,a n are all contained in a maximal ideal m, then for each 
c G R> , i/iere eicisi ideals I\, and J shc/i that the constancy region for the 

test ideal r(a c ) is given by p| S J< (a)\£?' 7 (a). 

i=l,...,d 

Proof. We first show that this constancy region is bounded. As a.j C m for all i we 
have that for any c' G M" and e sufficiently large 

r(a c ') = (a[ c[p ' ] ■ ■ ■ a [ n <p ' ] )^^ C ( m Mp e l+...+K P H )[i/ P e ] 

C ( m r c 'iP e +---+ c 'n p ' ! T _,l )[ :L / pe ] c m^ c ' 1+ "' +c '"^™ +1 . 

Since n s m s = 0, there is L such that r(a c ) % m L , we deduce that for any c' in 
the constancy region r(a c ) = r(a c ) ^ m L , hence c[ + . . . + c' n < L. This implies 
that the constancy region for t(o c ) is bounded. 

To deduce our description consider a sufficiently large hypercube [0, 1] containing 
the constancy region for r(a c ). By Propostion 3.16 we know that the set A = 
{t(o c ) |c G [0, 1]} is finite. Let Ii, . . . , Id be the ideals in A that are strictly contained 
in t(o c ) and let J = r(a c ). We clai m that the constancy region for r(a c ) is equal to 
f| B h (a)\B J (a). Lemma [3~18| implies that the set f| B h (a)\B J (a) is equal 

i=l,...,d 

<2 Ii for all i and r(a c ) C r(a r ), or equivalently, 



,3-18 

»=i, 

to the set of all r such that r ( a 1 ' ) 



r(o r ) = r(a c ) by our choice of Ii. □ 
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Remark 3.20. We can remove the condition that all ideals Oj are contained in a 
maximal ideal and still get a similar description. Explicitly, in each hypercube [0, 1] 
the constancy region is given by f] (£? 7i (a)\i? J (o)) n [0, 1] , for suitable Ji, . . . , I<j 

i=l,...,d 

and J. 

We now give a version of Skoda's theorem for mixed test ideals (see [BMS 
Proposition 2.25] for the case of one ideal). This theorem allows us to describe the 
constancy regions in the first octant by describing only the constancy regions in a 
sufficiently large hypercube [0, 1] = [0, li] X . . . X [0, l n ]. 

Theorem 3.21. (Skoda's Theorem) Let e\ e n be the standard basis for M. n , and 
assume 1 < i < n. If ftj is generated by mi elements, then for every s = (s±, . . . , s n ) 
with Si > mi, we have 

T(a s ) = a ei T(a s - ei ). 

Proof. We only need to prove (a^"^ )[ 1 /p e l = a ei (a^ pS ( s ~ Ei ^ )I 1 /i> e ] for e large enough. 

Let d = (di, ..,d n ) be a vector with integer coordinates and di > p e Si. We want 
to show that 

( a d)[l/p c ] = a e i(a d-p= ei) [l/p=] 5 

from which the result follows. 

Since a d ~ p " ei ■ a l f ] C a d C ((a d )l 1 /P e ])b e ] 5 we have 

„<*-*•«« c ((( fl a)[i/P'])M . a [f e l) = ((a d )[V P e ] : ai )^] ; 

where the equality is consequence of the flatness of Frobenius. Therefore 

( a d- P -e«)[i/p«] c ((a d )[ 1 /^l : a,), 

that is, 

For the reverse inclusion, note that since di > mi(p e — 1) + 1, in the product of <ij 
of the generators of Oj at least one should appear with multiplicity > p e . Therefore 
a d = a l f ] ■ a d - p ° ei , hence 

a d C a f 1 • a d - p ° e * C af 1 • ((^-p^H/pI)^] = . ^-^[i/^M 

which clearly implies (c^)! 1 /? 6 ] C a ei( a d- P e ei )[i/ P ^ n 

Proposition 3.22. // c is an F '-jumping number in the direction r = (r%, . . . , r n ) 
then also cp is an F -jumping number in the direction r. 

Proof. Note that V r I {a,p e+1 ) = V r llp] (o,p e ), hence pC*(a) = (o). □ 

4. The constancy regions 

In this section we prove our main result, Theorem |4.6| below. We begin by 
recalling our definition of p-fractals. 

Let T be the algebra of functions cf> : E™ — > Q. For each q = p e and every 
b = b n ) £ Z n with < bi < q we define a family of operators T q \ b : T — > J- 

by 

T q \b<t>(h, •-• >*n) = <K(*1 + • •• > (*n + K)/o)- 
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Definition 4.1. Let 4> : [0, l] n — > Q be a map and let denote also by <f> its extension 
by zero to K> - We say that is a p-fractal if all the T q \ b cf) span a finite dimensional 
Q-subspace V of J 7 . Furthermore, we say that an arbitrary 4> G J 7 is a p-fractal if 
its restriction to each hypercube [0,Z] is a p-fractal. 

Remark 4.2. This definition is similar to the one in |MTI Definition 2.1]. The 
only difference is that in |MTl Definition 2.1] the domain of the functions is the 
hypercube [0, 1] x . . . x [0, 1]. 

Recall that we arc assuming R to be a regular, i^-finite ring essentially of finite 
type over a field of characteristic p > 0, and C R are nonzero ideals. 

Lemma 4.3. Let c — (ci, . . . , c„) € K> , and oi, . . . a„ &e nonzero ideals of R then 
r ( a c)[i/p e ] = r ( a ^ c ). 

Proof. Taking fc large enough 

[i/p c ] 



and by jBMSI Lemma 2.4] the later contains 

(fl r^i... fl k/i)[i/^] = (a p fc+c i ... a ? pfc+e V 1/pfc+e 

= T(a^ c ). 

Therefore r(o c )I 1 / ?,e l D r(a^ c ). 
For the other inclusion note that 

that by |BMSI Lemma 2.4] is contained in 
but this is equivalent to say 

T ( a c)[i/ P e ] c T (a^ c ). 



□ 



Lemma 4.4. Let I = ...l n ) £ Z n be such that U is the minimum number of 
generators of the ideal cu. Let b € Z n such that Zj — 1 < 6j . For all e, we have 

rp I rp (i^-.a"-^ 1 ) 
1 p"\bX a — 1 p°\(l-l)Xa , 



where xi denotes the characteristic function introduced in Definition 
Proof. We have that 

is equal to 1 if and only if, by Lemma |3.18[ to 

r(a^ (t+b) ) % I, 

and by Lemma |4.3| this is 



3.3 
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but the later is equivalent to 

T(a t+b ) % I [pe] . 

As bi > k — 1 by Skoda's Theorem the previous expresion becomes 

a b-i+i . T(a t+z-i) £ J[P'] 

Wich in turn is equivalent to 



r^- 1 ) % (J^ : a b " i+1 ) 



but this is the case if and only if 

2>|(j_ X )Xa (*)=Xa '(t + i-1) 

is equal to 1 

Note that a point of the form j^r + {I - 1) with r e Z n is in 5( /Ipei:c,b ~' +1 )(a) if 
and only if a* 4 ***'- 1 ) g (1^ : a b - l+1 )^ if an d only if a r ■ a^" 1 ) ■ (a^ 1 )^] £ 



/[ p 1 this by Lemma 4.3 occurs if and only if a r+p b (£ 1, or equivalently 



p hrk r + £ B 1 (a). From this the result follows easily. □ 

This lemma is especially useful when the ideals are principal, as we will see in 
the examples of Section 5. 

Lemma 4.5. In each hypercube [0,1] there are only finitely many functions xi- 
That is, the set {xi\[o,i]jI Q R} * s finite. 



Proof. By Lemma 3.18 B 1 (a) is the set of all points c — (ci, . . . ,c n ) £ M™ such 
that r(a c ) % I, hence B 1 (a) is a union of constancy regions. By Lemma 



3.16 



we 



know that there are only finitely many constancy regions for bounded exponents, 
therefore there are only finitely many functions Xq|[o,ii- 1— ' 

Theorem 4.6. There is a p-fractal function <p : M™ — > N for which 

T (a c i •••<") = T"(fti l -^ n ) <^(ci,...,c n ) = p(di,...,d„), 
and therefore the constancy regions are of the form (p (i) for some number i. 

Proof. We first show that the functions xi are p- frac tal. We want to prove that all 
the Tpe^xi span a finite dimensional space. Lemma 4.4 states that all but finitely 
many of these functions have the form TpOin-^Xa f° r different ideals J. Lemma 



4.5 ensures that there are only finitely many of those in each hypercube [0, 1]. From 
this it follows that xi i s a p- fractal. 

For c £ R> , let r\ c be the characteristic function associated to the constancy 



region r(a c ). Remark 3.20 implies that that in each hypercube [0,1], ?7c|ro,J] = 
(xi 1 ' ' ' xi d ~ xi) | [o,i] f° r some ideals I\,...,Id and J, therefore n c is p-fractal. 

Clearly there are countably many constancy regions, so we can numerate them. 
For every i, let q = (en, . . . , Ci n ) a point in the i-th constancy region, and we define 

v = i • ^ ■ 

This function satisfies the desired conditions. □ 

Corollary 4.7. Let n c be the characteristic function associated to the constancy 
region of r{a c ), then r\ c is a p- fractal. 
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5. An Example 



In section 4 we showed that the characteristic functions of the constancy regions 
are p-fractal functions, Corollary |4.7| We use this fact and Proposition |2.1| to 
compute an explicit example. Throughout this section we use a subscript * p to 
denote that the number is written in base p. One of the main tools for computing 
examples is the following theorem: 

Theorem 5.1. (Lucas' Theorem (Ej^) Fix non-negative integers m > n £ N and a 
prime number p. Write m and n in their base p expansions: m = X^=o m jP'' an d 
n = Y]j—Q njpj . Then modulo p, 



m 
n 



mi 



where we interpret (?) as zero if a < b. In particular, (™) is non-zero mod p if and 
only if rrij > nj for all j = 1, . . . r. 

Remark 5.2. In particular if m = p k — 1 all the coefficients in the expansion of 
(x + y) m are nonzero. 

Example 5.3. (The Devil's Staircase) Let R = ¥ 3 [x,y], fi — x + y, and f% = xy. 
We want to describe the constancy regions for the test ideals r(/ c ). 

We first show that there are five different test ideals in the region [0, 1] x [0, 1]. 
More precisely, we show that 



r(f c ) 



' R or (x,y), 

(x + y), 
(xy), 

(xy(x + y)), 
We want to compute the test ideal at (4, 



2 

3' 3 



ce [0,1) x [0,1) 
ce {1} x [0,1) 
ce [0,1) x {1} 
c=(l,l). 

By Proposition 



3.12 



x 2 y 3 )^ 



r(/(°- 1 - ^))=r((/ 1 •/!)!). 

By Proposition |2.3| 

T((fi-f!)h = ((x + y)(xy) 2 ) m = (x 3 y 2 

Finally, Proposition |2.1| gives 

[x 3 y 2 +x 2 y 3 ) [ ^ = (x,y), 

and therefore 

r(/r • m C {x,y) if a > l/3and c 2 > 2/3 
In particular, the test ideal associated to the points (1 — p-, 1 - 
(x,y). Now 

r^ 1 "*. 1 -*)) = ((x + yf-^xyf- 1 ) 1 ^ 

= ((x 2 y + xy 2 f- 1 ) [ ^ ] . 
Since the terms x 2 ^ 3 ~^y 3 _1 andx 3 ~ 1 y 2 C i ~~ ^ appear in the expansion of (x 2 y+ 
xy 2 ) 3 _1 with nonzero coefficient, Remark 



3 fe - 



is contained in 



(x,y). Therefore 



5.2 



We conclude that t ( / ( 1 P ' 1 P ) ) D 



r(f 



3 fc) ) = (x,y). 
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Thus there are only two test ideals in the region [0, 1) x [0, 1), these are R and 

(x,y)- 

Clearly t(/^ 1,0 - ) ) = (x + y). and by Skoda's Theorem 

T(f^-^) = A.T(f^-^) 

= (x + y)-((xyf- 1 )^ 

= (x + y), 

hence the only test ideal in the region [0, 1) x {1} is (x + y). 
In a similar way, t(/( 0,1 ^) — (xy) and 

^(xy)-((x + yf- 1 )^ 

= (xy)- 

Thus (xy) is the only test ideal that appears in the regionjl} x [0, 1). 
Lastly, note that the test ideal at (1,1) is 

r(f^) = ((x + y)xy). 

We now show that (|, |) is a point in the boundary of B^ x ' y \f) and then use 
the p-fractal structure to sketch the constancy regions. 
For every k 

, ( 1 1 2 1 1, 



((x + y y ~w d - l ) 



3" 



But in t he e xpansion of [x + y) 3 1 every term appears with nonzero coefficient, 



Remark 



5.2 



In particular the term (xy) ? (xy) 2 ' 3 1 appears with non-zero 
coefficient when expanding the product (x+y) 3 ~ 1 (xy) 2 ' 3 _1 . Sinc e the degrees 
in x and y of this monomial are smaller than 3 k , by Proposition 2.1 we conclude 
that T (f^-^^-^) = R . Thus 



K 3' 3' 

and 

1 •> 

= 1. 



x?' y) ([o,bx[o,|)) 



The later shows that the point (5, |) is in the boundary of constancy regions 
for R and (x,y). We can use the p-fractal structure to find more points in this 
boundary. The idea is to break the region [0, 1] x [0, 1] into squares of length 1/3 
and find which of these must contain a boundary point. Then we apply the p- fractal 
structure to these squares to find the points. 

For the points (0, |), (|, |), (5,1), and (1, |) we have: 

r(/ (0 ^) = ((xy) 2 P = R, 
T (/(I^)) = ((a; + yfxy)^ = (x 3 y - x 2 y 2 + xy 3 ) [ ^ ] = R 

and 

r(f^) = ((x + y)(xy) 3 )^ = (xy) C (x,y), 
t(/^§)) = ((x + y) 3 x 2 y 2 )^ = (x + y) C (x, y). 
Therefore there should be boundary points in the squares [0, 1/3) x [2/3, 1) and 
[2/3, 1) x [0, 1/3). Is easy to check that there are not boundary points in all the other 
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squares. From this and lemma 

X x >y) o^^q ~A x >v) 



4.4 



we know that T3|(o,2)X/ 



1 3\(2,l)Xf 



Xf , since x) is the only characteristic function that is non constant in [0, 1) x 
[0.1). Moreover, 



X f' y \0.0U, 0.22 3 ) = X f V> (Oa + 0.01 3 , 0.2 3 + 0.02 3 ) 

v (x,y)/ 03 + 0jj 2 3 + 0.2 3 _ (,,i,), ft1 n9 ^ 

X/ ( 3 . 3 ) — -13|(0,2)X/ (U-l3,U.2 3 j 

= x ^(0.1 3> 0.23)=x? l!/) (^) = 



in a similar way 



and 



X ^' y) (0.21 3 ,0.12 3 ) = 



([0,0.013) x [0,0.223)) =x^' J,) ([0,0.21 3 ) x [0, 0.12 3 )) = 1. 

This is the points (0.01 3 , 0.22 3 ) and (0.21 3 , 0.12 3 ) are also in the boundary. We 
can repeat the proccess by subdividing the squares [0, 1/3) x [2/3, 1) and [2/3, 1) x 
[0, 1/3) into smaller squares of length 1/9 and obtain more points of the boundary. 
This process can be sumarized as follows. Let A is the set of points obtained from 
(0.1 3 ,0.2 3 ) by successively applying the operations 



(O.ai . . . a„l 3 , O.61 . . . 6„2 3 ) M> 



(0.a 1 ...a n 01 3) 0.6i...6 n 22 3 ) 
(0.a 1 ...a„21,0.6 1 ...&„12 3 ) 



then 
and 



xf' y) (p) = o 



x { r v) ([o, P )) = i 

for all p G A. This is, the points of A are points in the boundary. We can now 
sketch the regions of constancy in [0, 1] x [0, 1]: 



(*y) 



(1/3, 2/3) 



R 



(x,y) 



,(xy(x+y)) 



(*+y) 



1/3 2/3 1 

Using Skoda's theorem, we can describe the whole diagram of test ideals: 
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-I , 1 1 1 1 1 

1/3 2/3 1 11/3 1 2/3 2 

Remark 5.4. We choose the name Devil's Staircase for this example, because the 
resemblance to the Devil's Staircases or Cantor functions that appear in the basic 
courses of analysis. 

Example 5.5. In a similar way, it can be shown that for any characteristic p the 
same polynomials give a staircase that has infinitely many steps. Indeed, 

r (/(^- 1 -^)) = (( x + y){xy) pk - 1 ) l ^ ] = (x,y) 

but 

r (/(^- 1 -^)) = ((3. + y) 2 (xy) pk ' 2 ) l ^ ] = R 

and so we have many different points in the line x + 2y — 2 with test ideal equal to 
(x,y) and infinitely many with test ideal equal to R. Therefore we can not expect 
that there are characteristics for which the region given by the test ideals will be 
the same as the one given by the multiplier ideals 
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